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*1%$!'*!27*'2:'%2!*1%!2%34$6H4)6%)!34$6'*'4$!:4)!7!+$'D+%!,7>',+,?!@1%!:+$3*'4$! '2!
2*)'3*9B! 34$37;%! 7$6! 1%$3%! '*! 172! 7! +$'D+%! ,7>',+,! 7*! *1%! 3)'*'379! 84'$*?!
G$:4)*+$7*%9BA! 51'9%! 27*'2:B'$=! *1%! 2%34$6H4)6%)! 34$6'*'4$! '2! 2+::'3'%$*! :4)! *1%!
3)'*'379!84'$*!*4!(%!7!,7>',+,A!'*!'2!$4*!$%3%227)B?!0*!'2!8422'(9%!:4)!f !*4!(%!2*)'3*9B!
34$37;%! 4)! 2*)'3*9B! 34$;%>! 7$6! :4)! '*2! 2%34$6! 6%)';7*';%! *4! (%! %D+79! *4! E%)4?! @1%!
:+$3*'4$! f x( ) = ! x4 !'2!2*)'3*9B!34$37;%!(+*!f " 0( ) = 0.!!!
!
>?*5&'/ #!!"D?!f x( ) = ! x2 + 4x ! 1?!@1%! :')2*H4)6%)! 34$6'*'4$! '2! f ' x( ) = ! 2x+ 4 = 0 ?!

&49;'$=!B'%962!x* = 2 ?!F)4,!*1%!=)781!4:!*1%!%D+7*'4$A!2145$!'$!F'=+)%![!(%945A!'*!'2!



! [ !

39%7)! *17*! *1%! :+$3*'4$! '2! 2*)'3*9B! 34$37;%! 7$6! 7**7'$2! 7! +$'D+%! ,7>',+,! 7*! *1%!
3)'*'379!84'$*?!@1'2!'2!;%)':'%6!(B!31%3S'$=!*1%!2%34$6H4)6%)<!f '' x( ) = ! 2 < 0 ?!!
!
!

!
!

7(:80/#P"#$#9+0()+'L#M,%)*1/#78%)+(,%#H(+A#*#Q%(R8/#C*?(585#
!
>?*5&'/ # !!"F<!f x( ) = x2 ! 4x ! 1 ?!@1%! :')2*H4)6%)! 34$6'*'4$! '2f ' x( ) = 2x ! 4 = 0 ?!

&49;'$=!B'%962!x* = 2 ?!F)4,!*1%!=)781!4:!*1%!%D+7*'4$!'$!F'=+)%!\A!(%945A!'*! '2!39%7)!
*17*! *1%! :+$3*'4$! '2! 2*)'3*9B! 34$;%>! 7$6! 7**7'$2! 7! +$'D+%! ,'$',+,! 7*! *1%! 3)'*'379!
84'$*?!@1'2!'2!;%)':'%6!(B!31%3S'$=!*1%!2%34$6H4)6%)<!f '' x( ) = 2 > 0?!
!

!
!

7(:80/#S"#$#9+0()+'L#M,%1/?#78%)+(,%#H(+A#*#Q%(R8/#C(%(585 #
!
0*!'2!7!2+::'3'%$*!34$6'*'4$! :4)!7!3)'*'379!84'$*!*4!(%!7!,7>',+,!*17*!*1%!:+$3*'4$! '2!

34$37;%?! ]+*A! '*! '2! $4*! 7! $%3%227)B! 34$6'*'4$?! ! @1%! :+$3*'4$!f x( ) = e! x2

!172! 7! :')2*!

6%)';7*';%!f ' x( ) = ! 2xe! x2

!*17*! '2! %D+79! *4! E%)4! 7*! E%)4?! @1'2! (%99H2178%6! :+$3*'4$A!
2145$!'$!F'=+)%!".A!(%945A!'2!$4*!34$37;%!(+*!'*!'2!,7>','E%6!7*!E%)4?!
!
!
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! \ !

!
!

7(:80/#=T"#@A(2#78%)+(,%#(2#C*?(5(6/I#*+#B/0,#
!
E0,&,2(+(,%#!!"N"! &+8842%! *17*!f ' x*( ) = 0!:4)! 24,%! x* ! S?! @1%$!f !7**7'$2! 7! 94379!

,7>',+,!L,'$',+,M!7*! x* !':! f " x*( ) <  (>) 0 ?!!

!
0:!f " x*( ) = 0*1%$!*1'2!2%34$6H4)6%)!34$6'*'4$! :4)!7!94379! ,7>',+,!4)! ,'$',+, !'2!

'$34$39+2';%?!@1%! ,%*146! :4)! )%249;'$=! ,7**%)2!'$! *1%! '$39+2';%!372%! '2! *4! :'$6! *1%!
*1')6! 6%)';7*';%?! 0:! *1'2! '2! $4*! %D+79! *4! E%)4! *1%$! *1%! 3)'*'379!84'$*! '2! 7$! '$:9%3*'4$!
84'$*?! 0:! '*! '2! %D+79! *4! E%)4A! :'$6! *1%! :4+)*1! 6%)';7*';%?! 0:! *1%! :4+)*1! 6%)';7*';%! '2!
2*)'3*9B!$%=7*';%!L842'*';%M!*1%!'$:9%3*'4$!84'$*!'2!7!94379!,7>',+,!L,'$',+,M?!0:!'*!'2!
%D+79!*4!E%)4!*1%!*%2*! '2! '$34$39+2';%?!@4!)%249;%!,7**%)2!'$!*1'2!372%A!:'$6!*1%!:':*1!
6%)';7*';%?!0:!*1'2! '2!$4*!%D+79!*4!E%)4!*1%!3)'*'379!84'$*! '2!7$!'$:9%3*'4$!84'$*?!0:! '*! '2!
%D+79! *4! E%)4! :'$6! *1%! 2'>*1! 6%)';7*';%?! ! 0:! *1%! 2'>*1! 6%)';7*';%! '2! 2*)'3*9B! $%=7*';%!
L842'*';%M!*1%!3)'*'379!84'$*!'2!7!94379!,7>',+,!L,'$',+,M?!0:!'*!'2!%D+79!*4!E%)4!*1%!
*%2*!'2!'$34$39+2';%?!@1%!8)43%6+)%!37$!(%!)%8%7*%6!72!$%3%227)B?!
!

!
!

7(:80/#=="#9,5/#E,'L%,5(*'# 78%)+(,%2#
!
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! ". !

F'=+)%! ""! 7(4;%A! 6%8'3*2f x( ) = x4 !L6)75$! '$! )%6MA!f x( ) = x5 !L6)75$! '$! 4)7$=%MA!

f x( ) = x6 !L6)75$! '$!B%9945M!7$6!f x( ) = x7 !L6)75$! '$!=)%%$M?!#99!4:! *1%2%!:+$3*'4$2!
17;%! *1%')! :')2*! 6%)';7*';%! %D+79! *4! E%)4! 7*! E%)4?! @1%B! 799! 7924! 17;%! *1%')! 2%34$6!
6%)';7*';%2!%D+79!*4!E%)4!7*!E%)4!24!*1%!2%34$6H6%)';7*';%!*%2*!'2!'$34$39+2';%?!G2'$=!
*1%! 8)43%6+)%! ^+2*! 6%23)'(%6! '*! '2! %72B! *4! 2145! *17*!f x( ) = x4 7$6 f x( ) = x6 !17;%!

94379!,','$7!7*!E%)4A!51'9%!f x( ) = x5 7$6! f x( ) = x7 17;%!'$:9%3*'4$!84'$*2!7*!E%)4?!
!
@1%!34$3%8*!4:!7!3!%23!,7>',+,!4)!,'$',+,!,'=1*!2%%,!)%2*)'3*';%?!K45%;%)A!':!7!
:+$3*'4$!4$9B!172!4$%!4)!7!:%5!94379!,7>',7!*1%$!4$%!4$9B!$%%62!*4!34,87)%!*1%2%!
94379! ,7>',7! 7$6! 8'3S! 4+*! *1%! 4$%! *17*! '2! (%2*?! @1%$A! 34,87)%! *1'2! 5'*1! 517*!
1788%$2! 72!x !=4%2! *4! *1%! %$684'$*2! 4:! *1%! '$*%);79! +$6%)! 34$2'6%)7*'4$?! F4)! *1%!
:+$3*'4$! '$! F'=+)%! U! L6%:'$%6! 4$! *1%! )%79! 9'$%MA! 5%! S$45! *17*! *1%! +$'D+%! 94379!
,7>',+,!'2!$4*!7!=94(79!,7>',+,!(%37+2%!*1%!:+$3*'4$!=4%2!*4!'$:'$'*B!72!x !=4%2!*4!
89+2!4)!,'$+2!'$:'$'*B?!@1'2!:+$3*'4$!172!$4!=94(79!,7>',+,?!F4)!*1%!27,%!)%724$A!
*1%!*54!94379!,'$',7!4)!7924!*1%!*54!L$4$H+$'D+%M!=94(79!,'$',7?!!
!
0:!*1%!'$*%);79!+$6%)!34$2'6%)7*'4$!'2!7!3942%6!'$*%);79!5%!17;%!*1%!:49945'$=!)%2+9*?!
!
E0,&,2(+(,%#!!"O?!0:! f !'2!34$*'$+4+2!7$6!S! R!'2!7!3942%6!'$*%);79!*1%$!f !172!(4*1!
7!,7>','E'$=!7$6!7!,'$','E'$=!;79+%!'$! S?!
!
&+8842%! *17*!f !'2! 6'::%)%$*'7(9%?!@4! :'$6A! 27BA! *1%!,7>',+,! 84'$* ! 4$! 7! 3942%6!
'$*%);79A! :'$6! *1%!3)'*'379!84'$*2!7$6!31%3S!51'31!4$%2!7)%!94379! ,7>',7?!R4,8+*%!
*1%!;79+%!4:!*1%!:+$3*'4$!7*!*1%2%!94379!,7>',7!7$6!7*!*1%!%$6!84'$*2!*4!6%*%),'$%!
*1%!=94(79!,7>',+,?!0:!f '2!$4*!6'::%)%$*'7(9%!L*1'$S!4:!*1%!7(249+*%!;79+%!:+$3*'4$!
4:!*1%!972*!9%3*+)%M!*1%$!5%!$%%6!*4!34,87)%!*1%!94379!,7>',7A!*1%!%$6!84'$*2!7$6!
*1%!84'$*2!51%)%!f '2!$4*!6'::%)%$*'7(9%?!
!
!!"U"#78%)+(,%2#,-#@H,#VC,0/W#;*0(*<'/2 #
!
0$! *1'2!2%3*'4$!5%!34$2'6%)! :+$3*'4$2!4:! *54! ;7)'7(9%2?!T1'9%!*1%! :4),79! *1%4)B!4:!
:+$3*'4$2! 4:! *54! ;7)'7(9%2! '2! ,+31! ,4)%! 6'::'3+9*! *17$! *17*! 4:! :+$3*'4$2! 4:! 4$%!
;7)'7(9%! *1%! 8)73*'379! 7889'37*'4$! '2! +2+799B! :7')9B! 2*)7'=1*:4)57)6?! @1%!972*!
2+(2%3*'4$!()'%:9B!34$2'6%)2!48*','E7*'4$!4: !:+$3*'4$2!4:!,4)%!*17$!*54!;7)'7(9%2?!
!
!!"E"$%F53)@'0)@51%/2%2+,60)/,1%/2%0C/%@'3)':;51%
!
551617121)42-&'23)0$-'(2&'($.)
!
J%*!z= f x,y( ) !(%!7!:+$3*'4$!6%:'$%6!4$!7!2%*!S! R2 ?!0:!5%!*1'$S!4:!y !72!7!34$2*7$*!
*1%$! *1%! 6%)';7*';%! 4:!z!5'*1! )%28%3*! *4!x !'2! 3799%6! *1%!42-&'23)0$-'(2&'($) !*)z)8'&9)
-$.4$%&)&!)x 1)!0*! '2!+2+799B!6%$4*%6! (B!! z ! x = ! f / ! x !4)! (B! fx x,y( ) !4)! f1 x,y( )?!@1%!
87)*'79!6%)';7*';%!5'*1!)%28%3*!*4!y !'2!6%:'$%6!2','97)9B?!



! "" !

!

>?*5&'/ #!!"G?!0:!f x,y( ) = x3y+ ex+y2

A! fx x,y( ) = 3x2y+ ex+y2

7$6! fy x,y( ) = x3 + 2yex+y2

?!

!
0:!5%!*1'$S!4:!y !72!7!34$2*7$*! *1%$!*1%!2%34$6!6%)';7*';%!4:!z!5'*1! )%28%3*!*4!x !'2!
3799%6!*1%!.$%!,0)42-&'23)0$-'(2&'($)!*)z)8'&9)-$.4$%&)&!)x 1)!0*! '2!+2+799B!6%$4*%6! (B!

! 2 z ! x2 = ! 2 f / ! x
2
!4)! (B! fxx x,y( ) !4)! f11 x,y( ) ?! @1%! 2%34$6! 87)*'79! 6%)';7*';%! 5'*1!

)%28%3*!*4!y !'2!6%:'$%6!2','97)9B?!0:!5%!*1'$S!4:!y !72!7!34$2*7$*A!5%!37$!7924!:'$6!*1%!
6%)';7*';%!5'*1! )%28%3*! *4!x !4:! *1%!87)*'79!6%)';7*';%!5'*1! )%28%3*! *4!y ?!@1'2!3)422!

2%34$6! 87)*'79! 6%)';7*';%! '2! +2+799B! 6%$4*%6! (B!
! 2 z

! x! y
=

! 2 f
! x! y

!4)! (B! fyx x,y( ) !4)!

f21 x,y( ) !?! J'S%5'2%! ':! 5%!*1'$S! 4:!x !72! 7! 34$2*7$*A! 5%! 37$! 7924! :'$6! *1%! 6%)';7*';%!
5'*1! )%28%3*! *4!y !4:! *1%! 87)*'79! 6%)';7*';%! 5'*1! )%28%3*! *4!x ?! @1'2! 3)422! 2%34$6!

87)*'79!6%)';7*';%!'2!+2+799B!6%$4*%6!(B!
! 2 z

! y! x
=

! 2 f
! y! x

!4)!(B! fxy x,y( ) !4)! f21 x,y( )?!F4)!

*1%! 8)%;'4+2! %>7,89%! *1%! 3)422! 87)*'79! 6%)';7*';%2! 7)%A!

fxy x,y( ) = fyx x,y( ) = 3x2 + 2yex+y2

?!@1'2!)%2+9*!'2!*)+%!:4)!799!4:!*1%!:+$3*'4$2!*17*!B4+!

7)%! %;%)! 9'S%9B! *4!%$34+$*%)_! *1%! *54! 3)422! 87)*'79! 6%)';7*';%2! 7)%! %D+79! *4! %731!
4*1%)?!@1'2!)%2+9*!'2!S$45$!72!:%982-;<)=9$!-$>?!
!
5516171")'>43'%'&)*+,%&'!,.)
!
&4! :7)! *1%! :+$3*'4$2! 5%! 17;%! %$34+$*%)%6! 17;%! (%%$! %>89'3'*9B! 6%:'$%6A! (+*!
24,%*',%2!*1%B!7)%!',89'3'*9B!6%:'$%6!72!*1%!249+*'4$!*4!7$!%D+7*'4$?!F4)!%>7,89%A!7!
:+$3*'4$!z= z x,y( ) !,'=1*!(%!=';%$!72!*1%!249+*'4$!*4!7$!%D+7*'4$!2+31!72!

!!
! x2 + y2 + z2 = 0.!!
!
T%!37$!*1%$!:'$6!*1%!87)*'79!6%)';7*';%2!
!

2x+ 2z
! z
! x

= 0 "
! z
! x

= #
x
z

2y+ 2z
! z
! x

= 0 "
! z
! x

= #
y
z

.
!

!
!!"E">"%G.0)*)7'0)/, %/2%2+,60)/,1%/2%0C/%@'3)':;51 %
!
55161?12)*'-.&/!-0$-)%!,0'&'!,. )
!
&+8842%! *17*!f x,y( ) !'2! 6%:'$%6! 4$! 7$6! 172! 87)*'79! 6%)';7*';%2! 4$!S! R2 ?!
#$794=4+29B!*4!*1%! )%2+9*! '$! V)4842'*'4$!00?"A!*1%! :')2*H4)6%)! 34$6'*'4$2! 7,4+$*! *4!
2%**'$=!*1%!87)*'79!6%)';7*';%2!%D+79!*4!E%)4?!



! "- !

!
E0,&,2(+(,%# !!"P!0:!f !172! 7! 94379! ,7>',+,! 4)! ,'$',+,! 7*! 7! 84'$* x* ,y*( ) !'$! *1%!

'$*%)'4)!4:!SA!*1%$!fx x* ,y*( ) = fy x* ,y*( ) = 0.!!

!
@1%! :+$3*'4$!f x,y( ) = xy! x2 ! y2 A! =)781%6! '$! F'=+)%!"- ! (%945! 172! 7! ,7>',+,! 7*!
L.A.M?!@1'2!:+$3*'4$!'2!2*)'3*9B!34$37;%?!@1%!4$%H;7)'7(9%!2*)'3*9B!34$37;%!:+$3*'4$!'$!
F'=+)%! "! 944S%6! 9'S%! *1%! 3)422H2%3*'4$! 4:! 7$! +82'6%H645$! (459?! @1%! *54H;7)'7(9%!
2*)'3*9B!34$37;%!:+$3*'4$!(%945!944S2!9'S%!7$!+82'6%H645$!(459?!
!

!
!

7(:80/#=D"#@A(2#78%)+(,%#A*2#*#C*?(585#
!

@1%! :+$3*'4$!f x,y( ) = x2 + y2 ! xy A! =)781%6! '$! F'=+)%!"/ ! (%945! 172! 7! ,'$',+,! 7*!
L.A.M?!@1'2!:+$3*'4$! '2! 2*)'3*9B!34$;%>?!@1%!4$%H;7)'7(9%!2*)'3*9B!34$;%>! :+$3*'4$! '$!
F'=+)%! -! 944S%6! 9'S%! *1%! 3)422H2%3*'4$! 4:! 7!)'=1*! 2'6%! +8! (459?! @1%! *54H;7)'7(9%!
2*)'3*9B!34$;%>!:+$3*'4$!(%945!944S2!9'S%!7!)'=1*!2'6%!+8!(459?!

!
!

! !
!

7(:80/#=F#@A(2#78%)+(,%#A*2#*#C(%(585#*+#VTXTW#
!



! "/ !

@1%!:+$3*'4$!f x,y( ) = x2 ! y2 A!2145$!'$!F'=+)%!"U!(%945A!172!7!.2003$)4!',&!7*!L.A.M!
L'$6'37*%6!'$!)%6M?!@1'2!'2!7!3)'*'379!84'$*!51%)%!*1%!87)*'79!6%)';7*';%2!7)%!%D+79!*4!
E%)4!(+*!*1%)%!'2!$%'*1%)!7!94379!,7>',+,!$4)!7!94379!,'$',+,?!
!

!
!

7(:80/#=G"#@A(2#78%)+(,%#A*2#*#9*II'/#E,(%+#*+#VTXTW#
!

55161?1").$%!,0/!-0$-)%!,0'&'!,. )
!
@1'2! 2+(2%3*'4$! %>*%$62! *1%! $4*'4$2! 4:! 34$37;%! 7$6! 34$;%>!:+$3*'4$2! *4! *54H
;7)'7(9%! :+$3*'4$2! 7$6! 8)4;'6%2! *1%! 2%34$6H4)6%)! 34$6'*'4$2! :4)! ,7>','E'$=! 4)!
,'$','E'$=!:+$3*'4$2!4:!*54!;7)'7(9%2? !
!
!E0,&,2(+(,%#!!"S!J%*!f !(%!7!*5'3%!34$*'$+4+29B!6'::%)%$*'7(9%!:+$3*'4$!4$!7$!48%$!

2%*!S! R2 ?!0:!*1%)%!'2!7!84'$*!x* ,y*( ) !2+31!*17*!fx x* ,y*( ) = fy x* ,y*( ) = 0 A!*1%$!

¥ f x* ,y*( ) '2! 7! 94379! ,7>',+,! ':! fxx x*,y*( ) fyy x*,y*( ) ! fxy x*,y*( )2 > 0 !7$6!

fxx x* ,y*( ) < 0?!

¥ f x* ,y*( ) '2! 7! 94379! ,'$',+,! ':! fxx x*,y*( ) fyy x*,y*( ) ! fxy x*,y*( )2 > 0 !7$6!

fxx x* ,y*( ) > 0?!

¥ f x* ,y*( ) '2! $%'*1%)! 7! 94379! ,7>',+,! $4)! 7! 94379! ,'$',+,! ':!

fxx x*,y*( ) fyy x*,y*( ) ! fxy x*,y*( )2
< 0 ?!

#
>?*5&'/#!!"K ! f x,y( ) = x3 −12xy+ 8y3.!T%!17;%!
!
! fx = 3x2 ! 12y = 0 and fy = ! 12x+ 24y2 = 0 " x,y( ) = (0,0) or 2,1( ).!!
!
G2'$=!*1%!2%34$6!6%)';7*';%!*%2*!



! "U!

!

!

fxx = 6x, fyy = 48y and fxy = ! 12. Thus, fxx fyy ! fxy
2 = 288xy! 144.

At 0,0( ), fxx fyy ! fxy
2 < 0 " no maximum or minimum. 

At (2,1) fxx fyy ! fxy
2 > 0 and fxx > 0 " local minimum.

!

!
W4*%!*17*!':!fxx > <( ) 0 then fyy > <( ) 0?!W4*%!7924!*17*!

fxx fyy ! fxy
2 =

fxx fxy

fxy fyy

" H .!

@1%!,7*)'>!4:!87)*'79!6%)';7*';%2!4:!7!:+$3*'4$A!2+31!72!*1%!*54H6',%$2'4$79!,7*)'> !
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!
!!"E"H"%I95 %- )22535,0)';J%095%0/0';%-53)@'0)@5%',-%095%5,@5;/.5%095/35* %
!
55161B12)&9$)0'**$-$,&'23)
!
&+8842%!*17*!5%!17;%!7! :+$3*'4$!z= f x,y( ) ?!0*!37$!(%!+2%:+9!*4!17;%!7! :4),+97! :4)!
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&+8842%!*17*!5%!17;%!7!:+$3*'4$!z= f x t( ),y t( ),t( ) ?!#!2,799!317$=%!'$!t !$4*!4$9B!172!

7!6')%3*!%::%3*!4$zA!=';%$!(B! '*2!87)*'79!6%)';7*';%A!(+*!7924! '$6')%3*!%::%3*2!*1)4+=1!
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f !7**7'$2!7!,7>',+,!7*!24,%!84'$*! x* !( ),y* !( )( ) !*17*!6%8%$62!4$!*1%!87)7,%*%)?!

T%!37$!5)'*%!*1%!:')2*H4)6%)!34$6'*'4$2!72!
!

fx x* !( ),y* !( ),!( ) = 0

fy x* !( ),y* !( )!( ) = 0.
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T%!37$!&!&233C)0'**$-$,&'2&$!(4*1!2'6%2!5'*1!)%28%3*!*4!*1%!87)7,%*%)!! !*4!:'$6!
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@1'2! )%2+9*! *17*A! 7*! 7$! 48*',79! 84'$*A! *1%! *4*79! 6%)';7*';%! 4:! *1%! 4(^%3*';%! :+$3*'4$!
5'*1! )%28%3*! *4! 7! 87)7,%*%)! '2! %D+79! *4! *1%! 87)*'79! 6%)';7*';%! 4:! *1%! 4(^%3*';%!
:+$3*'4$!5'*1!)%28%3*!*4!*17*!87)7,%*%)!'2!3799%6!*1%!$,($3!4$)&9$!-$>?!
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48*','E7*'4$!8)4(9%,2?!0*! (%='$2!5'*1!7$!%>897$7*'4$!4:!51%)%!*1'2! ,%*146!34,%2!
:)4,!7$6!51B! '*!54)S2?! ! `4+!$%%6!$4*! (%!7(9%!*4! )%8)46+3%!*1'2!%>897$7*'4$<! '*! '2!
',84)*7$*A! 145%;%)A! *17*! B4+! (%! 7(9%! *4! 7889B! *1'2! ,%*146494=B! '$! 7! 344S(44S!
:721'4$?!
!
55161D121)89$-$)E2F-2,F$)>+3&'43'$-.)%!>$)*-!>)G!4&'!,23H)
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&+8842%!*17*!5%!57$*!*4!,7>','E%!7!:+$3*'4$!f x,y( ) !2+(^%3*!*4!*1%!34$2*)7'$*!*17*!

g x,y( ) = 0.!&+8842%!*17*!7!L94379M!,7>',+,!%>'2*2!7$6!*17*!7*!*17*!,7>',+,!4$%!4:!
*1%!6%)';7*';%2A!27B!*1%!4$%!5'*1!)%28%3*!*4!y A!64%2!$4*! ;7$'21!L*17*! '2A!'*!64%2!$4*!
%D+79!E%)4M?!#*!*1%!,7>',+,!*1%!317$=%!'$!g!'2!=';%$!(B!*1%!6'::%)%$*'79!
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! y = h x( ), where h' x( ) = !

" g
" x
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" y
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@1%! 48*','E7*'4$! 8)4(9%,! 37$! (%! )%:4),+97*%6! 72! ,7>','E'$=! f x,h x( )( ) !5'*1!

)%28%3*!*4!x ?!@1%!:')2*H4)6%)!34$6'*'4$!:4)!*1'2!2'$=9%!;7)'7(9%!8)4(9%,!
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! y
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! y
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!

! f
! x

" #
! g
! x

= 0
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@1%2%! 7)%! *1%! :')2*H4)6%)! 34$6'*'4$2! *17*! 5%! 54+96! =%*! ':! 5%! 249;%6! *1%!
+$34$2*)7'$%6!48*','E7*'4$!8)4(9%, !4:!,7>','E'$= !
!
! L x,y,!( ) = f x,y( ) " ! g x,y( ). !! L- M!
!
@1%!;7)'7(9%!! !'2!S$45$!72!*1%!E2F-2,F$)>+3&'43'$-!7$6!*1%!:+$3*'4$!L !'2!S$45$!72!
*1%!E2F-2,F'2, ?!!
!
55161D1"1)-$%'4$)*!-)!4&'>';2&'!,)8'&9)E2F-2,F$)>+3&'43'$-.)
!
0:!B4+!57$*!*4!,7>','E% f x,y( ) !2+(^%3*!*4!
!
! g x,y( ) = 0.!! L/ M!
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@1%!344S(44S!788)4731!'2!*4!L'M! :4),! *1%!E2F-2,F'2, )*+,%&'!,!'$!%D+7*'4$!L-M_!L''M!
:'$6!*1%!:')2*H4)6%)!34$6'*'4$2!L"M_!249;%!*1%!*54!:')2*H4)6%)!34$6'*'4$2!*4!%9','$7*%!
*1%!J7=)7$=%!,+9*'89'%)!! _!L'''M!249;%!*1%!)%2+9*!7$6!%D+7*'4$!L/M!:4)!x and y?!!
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W4*%!*17*!'*! '2!34$;%$*'4$79!*4!17;%!7!,'$+2!2'=$!'$!*1%!)'=1*H17$6!2'6%!'$!%D+7*'4$!
L-MA!(+*!*17*!'*!'2!$4*!',84)*7$*!'$!*17*!':!B4+!+2%!7!89+2!2'=$!'$2*%76!7$6!:49945!*1%!
8)43%6+)%!B4+!5'99!34,%!+8!5'*1!*1%!27,%!x and y?!
!
>?*5&'/ #!!"N?!a7>','E% !lnx+ 2lny subject to 3x+ y! 12= 0.!@1%!:')2*!2*%8!'2!*4!:4),!
*1%! J7=)7$='7$!L = lnx+ 2lny - ! 3x+ y" 12( ).!@1%! 2%34$6! 2*%8! '2! *4! :'$6! *1%! :')2*!
6%)';7*';%2!7$6!2%*!*1%,!%D+79!*4!E%)4?!!T%!17;%!1/ x ! 3" = 0 !7$6!2 / y ! " = 0 ?!@1%!
*1')6!2*%8! '2!*4!249;%!*1%2%!*54!%D+7*'4$2!*4! :'$6!y = 6x?! !@1%!$%>*!2*%8! '2!*4!249;%!
*1'2!%D+7*'4$!7$6!*1%!34$2*)7'$*!*4!:'$6!x = 4 / 3!7$6!y = 8?!!
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E0,&,2(+(,%#!!"=T?! 0:! *1%)%! '2! 7!x* ,y* ,! *( )  such that L x x* ,y* ,! *( ) = Ly x* ,y* ,! *( ) !b!

L! x* ,y* ,! *( ) = 0 !7$6! H > <( ) 0 !7*! x* ,y* ,! *( ) *1%$!x* ,y* ,! *( ) !'2! 7! 94379! ,7>',+,!

L,'$',+,M? !
!
R1%3S'$=!*1%!2%34$6H4)6%)!34$6'*'4$!:4)!I>7,89%!00?Y!B'%962!
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!!"E"N"%G.0)*)7'0)/,%/2%2+,60)/,1%/2%* ',B%@'3)':;51 %
!
&+8842%! *17*!f x1,x2,...,xn( ) !'2! 7! :+$3*'4$! 4:!n > 2 !;7)'7(9%2?! I;%)B*1'$=! =%$%)79'E%2!
:)4,! *1%!372%!4:! *54! ;7)'7(9%2! '$!7!2*)7'=1*:4)57)6! ,7$$%)?!@1%!4$9B!6'::'3+9*B! '2!
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E0,&,2(+(,%#!!"==?!J%*!f x1,x2,...,xn( ) !(%!7!*5'3%!34$*'$+4+29B!6'::%)%$*'7(9%!:+$3*'4$!

4$!7$!48%$!2%*!S! Rn ?!0:!! P* = x1
* ,...,xn

*( ) " S!2+31!*17*!f1 P*( ) = ...= fn P*( ) = 0A!*1%$!

¥ f P*( ) '2!7!94379!,7>',+, !4$!S!': !*1%!6%*%),'$7$*2!4:!*1%!8)'$3'89%!,'$4)2!4:!
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¥ f P*( ) '2!7!94379!,'$',+, !4$!S!': !*1%!6%*%),'$7$*2!4:!*1%!8)'$3'89%!,'$4)2!4:!
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* ," *( ) 2+31! *17*!L1 P*( ) = ...= Ln P*( ) !b!
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¥ f P*( ) '2!7!94379!,7>',+,!':!7*! P* !':! H 2 > 0, H 3 < 0, ..., ! 1( )n
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"? F'$6!*1%!3)'*'379!84'$*2!:4)!*1%!:49945'$=!:+$3*'4$2!6%:'$%6!4$!*1%!)%79!9'$%!7$6!
6%*%),'$%!51%*1%)!*1%B!7)%!,7>',7A!,'$',7!4)!'$:9%3*'4$!84'$*2?!

7? f x( ) = x2 + 3x ! 4 !!

(? f x( ) = ! x3 + 2x2 ! x+ 3!!

-? F'$6!*1%!,7>',7!7$6!,'$',7!4:!*1%!:49945'$=!:+$3*'4$2!4$! ! 1,1[ ] ?!

7? f x( ) = 2x+ 3!!

(? f x( ) =
x

2+ x
!!

3? f x( ) = x !
1
2

+ x+
1
2

!!

6? f x( ) = ex ! e! x !!

%? f x( ) =
ex ! e! x

ex + e! x !!

/? F'$6!*1%!94379!,7>',+,!7$6!94379!,'$',+,!84'$*2!:4)! f x( ) = x+
1
x

!7$6!:'$6!

*1%!;79+%!4:!*1%!:+$3*'4$!7*!*1%2%!84'$*2?!!
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4$!*1%!)%79!9'$%?!I>897'$!B4+)!
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X? F'$6!799!4:!*1%!:')2*H!7$6!2%34$6H4)6%)!87)*'79!6%)';7*';%2!4:!*1%!:+$3*'4$!

f x,y( ) = e x2+xy+y2
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Y? &+8842%!*17*!C!'2!7!:+$3*'4$!4:!A!*17*!27*'2:'%2!x2 + 2xy+ y2 =1?!F'$6!
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dx
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