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'$34$39+2",%?! @1%!,%*146!:4)!)%2497$%)2'$! *1%! '$39+2";%! 372%! 2! *4! :'$6! *1%)!
*116!6%)";7*;%7?! 0:1*1'2!'21 $4*1 %D+79! *4! EYHHTIR3)*'3784'$*! '21 7$!'$:9%3*'4$!

84'$*?1 0:1"™*1'21 %6D+79! *41 E%)4A! :'$6! *1%)! :4+)*1!1 6%)';7*;%7?! 0:! *1%! :4+)*1! 6%)";7*";%! '2!
2*)'3*9B1$%=7*",%!L842"*";%N$*2%B*'4$!84'$*I2194379!,7>' +,IL,'$',+,M?10:1"*1'2!
%D+79!*41E%)4!*1%!*%2*1'21'$34$39+2",%7?! @4!)%24H9%61, 2+ 37 24856! *1%! :":*1!
6%0)";7*,9%7?10:1*1'2!'21$4*19%D+79!*4| E%PHIPRBA'$*!'21 7$!'$:9%3*'4$! 84'$*?10:1'*1'2!
%D+79! *41 E%)4! :'86k* 2'>*11 6%)";7*;%?! 1 0:1 *1%! 2'>*11 6%)"; 7*';%! '2! 2*18*aB" %!
L842™*:00M!*1%!3)*'379!84'$H24379!,7>' +,IL,'$',+ M?!10:1'"*1'219%6D+79!*41 E%) 4! *1%!
*0p2*1'2I'$34$39+2";%?! @1%!8)43%6+)%!37$!(%!)%8%7*%6!72!$%3%227)B?

!
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—
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T —
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7(:80/#=="#9,5/#E,'L%,5(*# 78%)+(,%2



F'=+)%! "1 7(4;%A! 6%8'3F8x) = x* IL6)75$! '$! )%6MAlX) = x° IL6)75$! '$! 4)7$=%MA!

f (x) = x°IL6)75$!'$! B%9945M! 7$6K) = X" IL6) 758! "$! =)%%SMIGHA: ! *1%62%! :+$3* 4$2!
17;98*1%")! )21 6%)';7*:%! %D+79! *41 E%)4! 7% E%)4?! @1%B! 799! 79241 17;%! *1%'")! 2%34%€
6%)';7*",%2!%D+79!*41 E%)4! 7| E%)4! 24! * 1 Y8R 3A3B6! *062*1'21'$34$39+2",%?1 G2'$=!

*1%! 8)43%6+)%! "+2*1 6%23)'(%6! *! '2! %72B! *4! 2143 E7kf 7$6 f (x) = x°117;%!

94379!,','$7I7*IE%)4AIS1'9%X) = X° 7$6! f (X) = X" 17;%!'$:9%3*'4$!184'$*2! 7*IEY%)4?

!

@1%!34$3%8* BITI2F > +,14)!,'$', +,1,'=1*1206%,1)%2*)'3*;%?! K45%;%)Al :1 7!
+$3%4$14$9B!17214$%!4)!7!:%5!94379!,7>", YiH 4$%! 4$9B! $%6%662! *4134,87)%! *1%2%!
94379!,7>',7! 7$6! 8'3S! 4+*1 *1%! 4$%! *17*! '2! (%2*?! @1%$A! 34,87)%! *1'2! 5*1! 517*!
1788%$2! 7R11=4%2! *41 *1%! %$684'$*2! 4:! *1%! '$*%); 79! +$6%)! 34$2'6%)7*'4$?! F4)! *1%!
+$3%4$! '$! F'=+)%! U! L6%:'$%6! 4$! *1%! )%79! 9'$%MA! 5%! S$45! *17*! *1%! +$'D+%! 9437¢
7>+, 1218441 71=94(791, 7> +,1(%37+2%!1* 196! +$3* 4$1=4%21*41'$: $*BI 72t 1=4%2!*4!
89+214)!,'$+21'$:'$*B?1 @1'2!:+$3*'4$! 1721$41=94(79!,7>',+,21F4)1¥1%! 27,%! ) %7 24$A!
*1%!1*54194379!,'$',714)179241%1%!*541L $4%'D+%M!=94(79!,'$', 77!

!
0:1*1%!'$*%);79!+$6%)!34$2'6%) 7' 4$!'21713942%6!'$*%); 79!5%!17;%!*1%!:49945'$=1)%62+9*?
!

E0,&,2(+(,%#!"O?10f 2134+ $+4+217$68! R!'2!713942%6!'$*%6);79!* MM 2! (4*1!

717> 'E'$=17$6!7!,'$''E'$=1;79+%!'$! S?

!

&+8842%! *17FI'2! 6':%)%$T(9% TA! '$6A! 27BA! *I9bH+,! 84'S* | 4$! 7! 3942%6!
'$%%6);79A1 :'$6! *1%! 3)*'379! BAB$6!31%3S! 51'3U$%R7)%! 94379!,7>', 7?1 R4,8+*%!
*¥19%!;79+%! 4:1¥1%! :+$3*4$! 751%1%2%! 943791, 7>', 71 7$6! 7+1*1%! %$6! 84'$*2! *41 6%*%),'$%!
*¥19%!=94(79!,7>',+,210:!f '21$4*1 6':96)%$*'7(9%! L*1'$S! 4:1*1%! 7(249+*%! ; 79+%! :+$3*'4$!
4:1%1%! 972*19%3*+)%M! *1%$! 5%! $%%6! *41 34,87)%! *1%!94379!,7>', TAI*1%! %$6! 84'$*2! 7$6
*19!84'$*2!51%)%02!$4*16'::%)%$*7(9%?

|

1"U"78%)+(,%2#,-#@H/C,0/WHO(*<'/2 #

!

0$!*1'21 2063* 4$! 5%! 34$2'6%)! 1 +$3*'4$2! 4:1*541;7)'7(9%2?! T1'9%! *1%! :4),79!*1%4)B! 4!
+$3%4$2! 4:1 %541 ;7)'7(9%2! 2! ,+31! ,4)%! 6':'3+9*1 *17$! *17*1 4:1 :+$3%4$2! 4:1 4$%!
7)7(9%! *1%! 8)73*379! 7889'37*4$! '2! +2+799B! :7)9B! 2*)7'=1*:4)57)697 28 1%!
2+(29%3%4$!()'%:9B!134$2'6%§2 ' E7*4$!4: L+$3*4$214:1,4)%!*17$1*541,7)'7(9%2?

|

I"E"$%F53)@'0) @51%/2%2+,60)/,1%/2%0C/%@'3) ;51
|

551617121)42-&'23)08-'(2&($.
|

J%*E = f(x,y) (%! 7!:+$3*4$! 6%:'$%6! 43! 7! Bhe*R* 210:15%! *1'$S! 471721 7134$2*7$*1
*19%$! *1%! 6%)';7*';%! A5'*11)%28%3*! *41'2! 3799%6! *AP6&.'23) 0$-'(2&'($) 19)8'&9)
-$.4$%8&) &)1)0*! 2! +2+799B! 6%$4*%br(Bk = f /! x14)! (B! f,(x,y) 4)! £,(x,y) ?! @1%!
87)*7916%)';7*';,%!5'*1!)%28%3*{42!6%:'$%66!2','97)9B?



|
>745&! #"G2104 (x,y) = Xy + €Y Af, (x,y) = 3%y + €7 7$6! 1, (xy) = X° +2ye"” 2
|
0:15%!*1'$S! 431721 71 34$2*7$*1 *1%$! *1%! 2%34%$6! 6%)'; 7796141 ) %628%3*! *41'2!
3799%6! *1846!,0) 42-&'23) 0$-'(2&'($) 12)8'&9) -$.4$%&) &1))0*! '2! +2+799B! 6%$4*%6! (B!
122/1x2 = 12§ /1 X 14)! (B! f, (x,y) 14)! f,(x,y) 2! @1%! 2%34$6! 87)*79! 6%)';7*;%! 51!
)%28%3*1541216%:'$%66!2','97)9B210:15%!*1'$F1421 71 34$2*7$*Al5%! 373! 7924!:'$6!*1%)!
6%)";7*;%! 5*11)%28%3*1 5d:1 *1%! 87)*791 6%)"; 7*: %41 )%28%3* }4P! @1'2! 3)422!
2
!!X!fy 1)t (B! f,(x,y) 14)!
f,1(X,y)1?! J'S%5'2%! ":1 B94'$S! 4:1x 172! 71 34$2*7$*Al 5%! 37$! 79241 '$6! *1%! 6%)';7*';%!
5*11)%28%3*! *¢14:1 *1%! 87)*'79! 6%)';7*;%! 5*1! )%28%3% 24@1'2! 3)422! 2%34$6!
! f 14)1(B! T, (x,y)14)! f,,(x,y) ?!F4)!
ik DUBLE, (xy) )t £, (x.y) 21F4)
*1%!  8)%;'4+2]  %>7,89% *1%!  3)4221  87)*79!  6%);7*:%2! A%
f (% Y) = T, (X Y) = 32 + 2y 21@1'21)%2+9*"2!*)+96!:4)1 7991 4:1 ¥1 96! : +HT*ERDH!
7)%! %;%)! 9'S%IBLSBU+$*98¥1%! *541 3)4221 87)*79! 6%)"¥62! 7)%! %D+79! *41 %731!
4*1%)@1'21)%2+9*!'21 S$45$17HE2-;<)=9$!-$>?
|

I 2
29634$6! 87)*79! 6%)'7+,%6! "2! +2+799B! 6%$4*%6! \53'

| 2
87)*'79!6%)';7*';%!'2!+2+7998!6%$4*°/t|76y+|é)3('!=

5516171")'>43'%'&)*+,%&!,.
|

&4 :7)! *1%! +$3*'4%$2! 5%! 17;%! %$34+3$*%)%6! 17;%!' (%%3$! %>89'3*9B! 6%:'$%6A! (+*!
24,%*',%2!*1%B!7)%!",89'3*9B!6%:'$%6! 721*1%!249+*'4$!*41 7$!%D+7* 45?1 F4)!1%>7,89%A! 7!
+$3*4$lz = Z(X, y) L'=1*1(%!=";%%$!721*1%!249+*'43$!*4173$!%D+7*4$!2+31!72

I
! x> +y*+72=0.1
!

T%!37$!*1%3$!:'$6!*1%!87)*'79!6%)"; 74;%2
!

| |
ox+2z-2=0" ZL=yX
I X I X z,
| !
oy+2z-2=0" Z=4Y.
I'x I X z

IE"S"@0))7'0), YR%,60)/,1%/206/%@B) 51 Y%
|

55161?212)H-@-)%!,0'&",. )
!
&+8842%! *1711(x,y) 2! 6%:'$%6! 4$! 7$6! 172! 87)*79! 6%);7*;%2! SISIR? ?

HETO4=4+29BI1*1%! )%2+9*'$! V) 4842 40D A1%! ) 2K)6%)! 34$6'4$21 7,4+$*1 *4]
206+ $=1¥10187)*'7916%6)"; 7*;%21%D+79M4IE%)4?



!
EO,&,2(+(,%# II"PO:If 1172171943791, 7> +,1 )1 '$' +,1 741 7184'5*  (x',y') I$! *1%!

'$*96)'4)14:1SAI*19%$)( X,y ) = f,(x,y ) = 0.1

!

@1%! +$34$(x,y) = xy! x21 y? Al=)781%6!'$! F'=+)%! (%945! 172! 71, 7>' +,! 7*!
LAM®@1'2!:+$3*4$212%)'3*9B134$37;%7! @ 1A FAO%D*)' 3*OEAS$37;%6! : +$3+4$!'$!
F'=+)%! "l 044S%6! 9'S%! *1%+3Y8324S$! 4:1 7$! +82'6845$! (459?! @1%! *547)'7(9%!

2*)'3*OB4$37;%!:+$3*'4§%945!944S219'S%! 7$!+ 3B SB! (4597
!

7(:80/#=D"#@A(2H78%)+(, Yot A*24*#C*?(585
|

@1%! +$3*4$(x,y) = X* +y* | xy Al =)781%6!'$! F'=+)%! (%945! 172! 7! '$',+,1 7*1
L.A.N@1'2:+$3*4$!'21 2¥)'3*9B! 34%;%>?! @ 1HTH¥B9%2*)'3*0BB4S$;%>! : +$3*4$!'$!
F'=+)%! -1 944S%6! 9'S%! *1%I1RY¥34%$! 4:1 TE=1*1 2'6%+8! (459?! @1%! *5&)'7(9%!
2%)'3*OB134$;%»$3*'4$!(%945!944S219' SPAITI 2'6%+81 (45972

|

7(:80/# =FHD A(2H#78%)+(, Yo# A*24*#C (Y (SS5# PR TX



@1%!:+$3*48(x,y) = X* | y’ AI2145$1'$!F'=+)%AU!(%945A1 17212003$)4!" &7+ L.A.M
L'$6'37%%66!'$!)%BND 1'2! '213)1'37984'$*151%) %! *1%! 87)*'79!6%)'; 7+:%2! 7)%! %D+79! *4!
Et!(+*1¥196)%!'21$%'1%)17194379!, 7>' +,1$4)171943791,'$',+,P

!

7(:80/#=G"®A(2#78%)+(, Yo#A* 28 #O*II'[HE , B&HV T XAW
!

5516171").$%0$-)%!,0'&,. )
|

@1'2! 2+(2%3*4$! %>*%$62! *1%! $4*4$2! 4:1 34$37;%! 7$6! 3EBY$D! *4! *5H
7)7(9%! +$374$2! 7$6! 8)4:'6%2! *1%! 206BAMER6)! 34$6'+'4$2! :4)! 7> 'E'$=! 4)!

'S E'$=L+$34$214:14541:7)'7(9%27 |

|

IE0,&, 2(+(,%# 1"SI%*K (%! 71%5'3%6] 34$*$+4+29B! 6':96)%$7(9%! - +$3*4$1 45! 7$! 48%$!

29651 R210:1%1%)06!'2!7184$%y ) 124311717+, (x ,y ) = £, (X ,y ) = 0 AF1o$

¥ f(x,y) 20 7043790 7>t o (XL ) 1, (xLY) £ (X)) >0 17se!
fm(x*,y*)<0?
¥ f(x,y) 20 7 ea379 e £ (xLy ) (X)) £ (xLy) >0 1736

fo(X,y)>07?
¥ f(X,y) 20 $%*1%)! 70 943791 7>+ $4) 7! 943791 [$,+!
fxx(x*,y*)fyy(x*,y*)! fxy(x*,y*)2 <07
#
>SPBEHNK 1 f (x,y) = x®—12xy +8y°.IT%!17;%
!

! f,=3x?1 12y=0andf, =1 12x+24y* =0" (x,y)=(0,0) or (2,2)."
|

G2'$=1%1%12%34$6!6%)'; 7*';%1*062*

III



f, = 6x, f, =48y andf, =112.Thusf f ! f2=288xy! 144.
! At (0,0), f f, ! f2<0" nomaximumor minimum !

At(2,1)f f ! f2>0andf,>0" loca minimum.
!
W4*1*17#1E] > (<) O thenf,, > (<) 0?2IW4*%!79241K17*

XX fxy

fo, f

Xy y

@1%77%)>14:187)*7916%)',7*',%24:17:+$3* 412+ 311721*1%!164%0$2'4$79,7*)> |
H 17(4;%A1'213799%81E18A'2,)>2&-'Ad:1*1%!:+$3+4$7?
|

I"E"H19% 96)22535,0)'J%095%0/0';%-53) @Y@95%, @5;/.5%605/35* %
|

55161BISJE*$-$,8'23
|

fof,! f2=

" HI.!

&+8842%!*17*15%! 17;%! 7!:+$324%F (X, y) 21 0%137$! (%! +2%:+91 *41 17;%! 7! :4),+97! :4)!

*1%!317$=%!BP!@1'2!'"2!=";%%$!(B!*Q%5-$,&'2B
!
/ /
! dzzidx+£dy.!!
I'x l'y
55161B1"1)&9%$)&!&23)09-'(2&'($
[

&+8842%!*17*15%!17;%!7!:+$3*4$K (x(t), y(t),t) ?1#12,7991317$=00t $4*14$9B1 172!
716)%3*1%::9%3* 8 =';,%$! (B! "*2! 87)*'79!6%)'; 7+ %A! (+*1 79241 '$6")%3*! %::%63*2! *1)4+=1!
317$=%2!'® and y ?!@1%!*4*791317$=2HB6R+0*'$=1)4,17$!'$:'$"*%69B12,799!317$=%""$!

t 1'21="%3$!(B!*1981823)0$-'(2&'&! f 15'+11)%28%3**4P@1'2!'2!1=",%$!(B

!

dz_!zd_x+!zd_y+!_z "

' - - - B
' dt Ixdt lydt It

!

&+8842%1*174E f(x,y,! ) 12171 :+$3* 48! 4:K AY 17$6!*1%!87)7,%*%)! ?! &+8842%! *17*!
FITST$271,7>' +,174124,%184'% (X' (1),y (1)) *17*16%8%$6E! *1%! 87)7,%*%6)?!
T%!37$!5)*%!*1%!:")R)6%)!34$6*'4$2! 712

| £(x () (1) )=0
(X (1)y () )=0.

T%I37$K!&233C)0"**$-$, @R $12'6%2!5*11)%28%3*1*41*1%!87)7,%*¥H!:'$6!



X (0 (0 ) 1, (X () ()0 )8, (X (1 )y (1)) =0

d/
. dx : d *
B (X ()Y (1) )+ 8, (X )y () )P+ 5, (< () (1)) =0
@1'2!187")14:1%D+7*4$2137$1(%!249;%6!*41:'$6!
dx _Tufy bty dy_fofy’ bt

y!xx|
y

| = =

d! [H] " d! [H]|
51%)%H I'21 *19%! K%22'7$! , 7*)17$6! *1%! 87)*79! 6%)';7*:%2! 7)%! %;79+7*%6! 7*! *1%!
7>+, ?10:15%157$*1*41:'$61*19%! 2'=$214:1%¥1%2%! %>8)%22'4$2! 5%)! 4$9BAYBL66! *4!5
7(4+*1%1%]1 2'=$! 4:1 *1864, %) 7*4) A7 2! 5%! S$45! *17*1 *1%! 6%*%),'$7$*! 4:1*1%! K%22'7S!
7¥)>121$%=7*%":4)171, 7> +,? |
|

55161B1%)$,($314$)8.95!-$>
|

T%!37$!7924!1:'$6!*1%!*4*7916%)";7*';%! 4:1*1%! 4("%3*';%! : #$3*UP%028%3*! *41A!
%;79+7*%6!7*1*1%!, 7> +,21G2'$=1*1%!:HP5%)!34$6*'4$2A!*1'2!'21%D+79!*4!
!

n

dz_"zdx "zdy "z z
=t ——+—=—1

| dr " xdl o tyd! 1T

|

@1'2!)%2+9* *17*Al 741 7$1 48* 79! B4'$*Al *1%! *4*791 6%)'; 7*:%! 4:1*1%! 4("%3*;%! :+$3*4$!
5+11 19628%3* *4! 71 87)7,%%*%)! ‘2! GD*A *1%6! 87)*79! 6%)":7+:%! 4:1 *1%! 4("%3*;%!
+$3+4$15*11)0628%3**41¥1 7*187)7,%*06)!'213790 B FHAN%S) & 9H!-$>?

|

II"E"K"P103"),5-% / .0)*)7'0)/,L% 095% 509/-%/2%M'83',85%r;0).;)531%

!

@1'2! 2%3* 43! 8)%2%$*2! *106! ,%*146! 4:1 J7=)7$=0%! ,+9*89'06)2! :4)B2ED*$E$%6!

48* 'ET*4$18)4(9%, 27! 0*! (%="$2!5"*117$! %>897$7+4$! 4:151%)%! *1'2! %*146!34,%2)!
)4,17$6151B1'*154)S221 1" 4+ $9%6%6! $4*1 (%! 7(9%! *41)%8)46+3%! *1'2! %>897$7+4$<! 1 2]
' 84)*7T$*Al 1459%;9%)A! *17*! B4+! (%! 7(9%! *41 7889B! *1'2! ,9%*146494=B!'$! 7! 344S(44S!
7214$72

!

5516108F5-$)E2F-2,F$)>+38'43'$-.)%!>$)*-1>)G14&'!, 23H

|

&+88A2%!*17*159%!57$*1 %41, 7>' 'E%! 71:+$3¢48( X, y) 12+( %63*1%41*19%! 34$2*) 7'$*1*1 7+
g(X,y) = 0.18+88420%1¥1 7+ 7ILIAZTOMI, 75" + 196> 2+21 T$BI¥L7H TH*174, 75" + 148961 4:]
*19616%)"; 7*;%2A1 27BI*1%! 4$%! 5'*11)% 28043848621 $4*1;7$'211 L*17*HPR%2! $4*]
%D+79!E%)AM?IH#1¥1%!, 75" +,1¥19%!131 7S 2B :%$! (BI*1%16':%6)%$+ 79

I
g
I
! dg= gdx+ gdy o" ﬂ/—#'Xl
I'x ly dx '9
I
y

0:15%!249;%!*1%!34$2*) 7'$*1*4ly SR 71:+$3*' 4514 % 15%!117; %! * 1 7¥!



! y=h(x), wheeh'(x)="! -

n

<

@1%! 48* 'ET*4$! 8)4(9%,! 37$! (%! )%:4),+97*%@ 77>''E'$=! f(xh(x))!5*1!
)%28%3*1542@ 1%:") P4)6%)! 3456+ 454) *1'212'$=9%!:7)'7(9%!8)4(9%,

'g
) ) ! 0!
i+ih'(x):i“ -;_Xi:O.!
I'x 1y Ix ‘Qly
Iy
WAXQQIX 1 7*I'*1'2179241%)+0p1* 1 7+
g
!" ,_yi:O|
ly 91y
Iy
JooH!
#t
I /" ﬂ.!u
#9
#y
@1%%$!5%!17:%
) I
L at2-
! ',if SO Y
LIRS
'y 1y

! !
@1%2%! 7)%! *1%H)E0)! 34$6'+'4$2! *17*1 5%! 54+96! =%*! "I 5%! 249;%6! *1%!
+$34$2%)7'$%@I8* 'E7*4$!8)4(9%, 14:1,7>''E'$= !

!

! L(xy!)=f(xy)" /g(xy)." L- NI

!

@1%!;7)'7(9%"2! S$45$! 72! * 19 F-2,F$)>+3& 4B 1 7$6!*1%! :+$3* 44! 21 S$45$! 72!
*19@E2F-2,F'2,

!
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